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Abstract
We derive weighted sums, including binomial and double binomial sums, for the gen-
eralized Fibonacci sequence {Gm} where for m ≥ 2, Gm = Gm−1 +Gm−2 with initial
values G0 and G1.
1 Introduction
The generalized Fibonacci sequence {Gm} is given, for m ≥ 2, by Gm = Gm−1 + Gm−2
with initial values G0 and G1. In particular, when G0 = 0 and G1 = 1, we have the
Fibonacci sequence {Fm}, and when G0 = 2 and G1 = 1, we have the sequence of Lucas
numbers, {Lm}. Extension to negative index is provided through G−m = (−1)
m(Fm+1G0−
FmG1), Vajda [9], identity (9). Whenever an identity contains numbers from two generalized
Fibonacci sequences, the numbers from one will be denoted by G while the numbers from
the other will be denoted by H , with the appropriate subscripts.
The following identities connecting the Fibonacci numbers, the Lucas numbers and the
generalized Fibonacci numbers are well known, Vajda [9], identities (8), (10a), (10b), (18):
Gm+n = Fn−1Gm + FnGm+1 , (1.1)
Gm+n + (−1)
nGm−n = LnGm , (1.2)
Gm+n − (−1)
nGm−n = Fn(Gm−1 +Gm+1) , (1.3)
Gn+rHm+n −GnHm+n+r = (−1)
n(GrHm −G0Hm+r) , (1.4)
and Howard [5], Theorem 3.1, Corrolary 3.5:
(−1)rFnGm = Fn+rGm+r − FrGm+n+r . (1.5)
Note, by the way, that identity (1.1) can be obtained from identity (1.5) through the set of
transformations m→ m+ 1, n→ −n and r → n− 1.
Our purpose is to discover the weighted summation identities associated with the identi-
ties (1.3), (1.4) and (1.5) since those associated with identities (1.1) and (1.2) are already
contained as special cases, p = 1 = −q, of the results obtained in an earlier paper [1].
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2 Weighted sums
Lemma 1 ([1], Lemma 2). Let {Xm} be any arbitrary sequence, where Xm, m ∈ Z, satisfies
a second order recurrence relation Xm = f1Xm−a + f2Xm−b, where f1 and f2 are arbitrary
non-vanishing complex functions, not dependent on m, and a and b are integers. Then,
f2
k∑
j=0
f j1Xm−b−aj = Xm − f
k+1
1 Xm−(k+1)a , (2.1)
f1
k∑
j=0
f j2Xm−a−bj = Xm − f
k+1
2 Xm−(k+1)b , (2.2)
k∑
j=0
Xm+a−(b−a)j
(−f1/f2)j
= f1Xm +
f2
(−f1/f2)k
Xm−(k+1)(b−a) (2.3)
and
k∑
j=0
Xm+b−(a−b)j
(−f2/f1)j
= f2Xm +
f1
(−f2/f1)k
Xm−(k+1)(a−b) , (2.4)
for k any integer.
Theorem 1. The following identities hold for integers m, n, r and k:
Fr
k∑
j=0
(−1)rj
(
Fn+r
Fn
)j
Gm+n+r+rj = (−1)
krFn
(
Fn+r
Fn
)k+1
Gm+(k+1)r−(−1)
rFnGm, n 6= 0 ,
(2.5)
Fn+r
k∑
j=0
(−1)(r+1)j
(
Fr
Fn
)j
Gm+r+(n+r)j = (−1)
rFnGm+(−1)
(r+1)kFn
(
Fr
Fn
)k+1
Gm+(k+1)(n+r), n 6= 0
(2.6)
and
k∑
j=0
(
Fr
Fn+r
)j
Gm−r+nj = (−1)
rFn+r
Fn
Gm − (−1)
r Fr
Fn
(
Fr
Fn+r
)k
Gm+(k+1)n, n + r 6= 0 .
(2.7)
Proof. In identity (1.5), identify f1 = (−1)
rFn+r/Fn, f2 = −(−1)
rFr/Fn, a = −r, b =
−n− r and use these in Lemma 1 with Xm = Gm.
3 Weighted binomial sums
The following identities of Lucas [8]:
k∑
j=0
(
k
j
)
Fs+j = Fs+2k and
k∑
j=0
(
k
j
)
Ls+j = Ls+2k , (3.1)
are the Fibonacci and Lucas specializations of the generalized Fibonacci sum:
k∑
j=0
(
k
j
)
Gs+j = Gs+2k , (3.2)
2
which is itself a particular case of the following identity (Theorem 2, identity (3.7)):
k∑
j=0
(−1)rj
(
k
j
)(
Fr
Fn
)j
Gm−rk+(n+r)j = (−1)
rk
(
Fn+r
Fn
)k
Gm, n 6= 0 ,
being an evaluation at r = 2, n = −1 and m = s+ 2k.
In this section, we will derive three general binomial summation identities for theG−sequence.
Binomial sums for Fibonacci or Fibonacci-like sequences are also discussed in references [6,
3, 7, 4]. First we state a required Lemma.
Lemma 2 ([1], Lemma 3). Let {Xm} be any arbitrary sequence. Let Xm, m ∈ Z, satisfy a
second order recurrence relation Xm = f1Xm−a+f2Xm−b, where f1 and f2 are non-vanishing
complex functions, not dependent on m, and a and b are integers. Then,
k∑
j=0
(
k
j
)(
f2
f1
)j
Xm−ak+(a−b)j =
Xm
f1k
, (3.3)
k∑
j=0
(−f2)
j
(
k
j
)
Xm+ak−bj = f1
kXm (3.4)
and
k∑
j=0
(−f1)
j
(
k
j
)
Xm+bk−aj = f2
kXm , (3.5)
for k a non-negative integer.
Theorem 2. The following identities hold for integers n, m and r and non-negative inte-
ger k:
k∑
j=0
(−1)j
(
k
j
)(
Fr
Fr+n
)j
Gm+rk+nj = (−1)
rk
(
Fn
Fr+n
)k
Gm, n+ r 6= 0 , (3.6)
k∑
j=0
(−1)rj
(
k
j
)(
Fr
Fn
)j
Gm−rk+(n+r)j = (−1)
rk
(
Fn+r
Fn
)k
Gm, n 6= 0 , (3.7)
and
k∑
j=0
(−1)j(−1)rj
(
k
j
)(
Fn+r
Fn
)j
Gm−(n+r)k+rj = (−1)
k(−1)rk
(
Fr
Fn
)k
Gm, n 6= 0 . (3.8)
Proof. Use, in Lemma 2, the values of a, b, f1 and f2 found in the proof of Theorem 1, with
Xm = Gm.
A particular instance of identity (3.6) is
k∑
j=0
(−1)j
(
k
j
)(
Fr
Fr+n
)j
Gnj =
(
Fn
Fr+n
)k
(Frk+1G0 − FrkG1) , (3.9)
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which at r = n gives
k∑
j=0
(−1)j
(
k
j
)
Gnj
Lnj
=
Fnk+1G0 − FnkG1
Lnk
, (3.10)
since F2n = LnFn. In particular, we have
k∑
j=0
(−1)j
(
k
j
)
Gj = Fk+1G0 − FkG1 . (3.11)
Similarly, from identities (3.7) and (3.8), we have
k∑
j=0
(−1)rj
(
k
j
)(
Fr
Fn
)j
G(n+r)j = (−1)
rk
(
Fn+r
Fn
)k
Grk, n 6= 0 , (3.12)
and
k∑
j=0
(−1)j(−1)rj
(
k
j
)(
Fn+r
Fn
)j
Grj = (−1)
k(−1)rk
(
Fr
Fn
)k
G(n+r)k, n 6= 0 , (3.13)
which at r = n give
k∑
j=0
(−1)nj
(
k
j
)
G2nj = (−1)
nkLn
kGnk (3.14)
and
k∑
j=0
(−1)j(−1)nj
(
k
j
)
Ln
jGnj = (−1)
k(−1)nkG2nk . (3.15)
In particular, we have
k∑
j=0
(−1)j
(
k
j
)
G2j = (−1)
kGk (3.16)
and
k∑
j=0
(
k
j
)
Gj = G2k . (3.17)
4 Weighted double binomial sums
Lemma 3 ([2], Lemma 5). Let {Xm} be any arbitrary sequence, Xm satisfying a third order
recurrence relation Xm = f1Xm−a + f2Xm−b + f3Xm−c, where f1, f2 and f3 are arbitrary
non-vanishing functions and a, b and c are integers. Let k be a non-negative integer. Then,
the following identities hold:
k∑
j=0
j∑
s=0
(
k
j
)(
j
s
)(
f2
f3
)j (
f1
f2
)s
Xm−ck+(c−b)j+(b−a)s =
Xm
f3k
, (4.1)
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k∑
j=0
j∑
s=0
(
k
j
)(
j
s
)(
f3
f2
)j (
f1
f3
)s
Xm−bk+(b−c)j+(c−a)s =
Xm
f2k
, (4.2)
k∑
j=0
j∑
s=0
(
k
j
)(
j
s
)(
f3
f1
)j (
f2
f3
)s
Xm−ak+(a−c)j+(c−b)s =
Xm
f1k
, (4.3)
k∑
j=0
j∑
s=0
(
k
j
)(
j
s
)(
f2
f3
)j (
−
1
f2
)s
Xm−(c−a)k+(c−b)j+bs =
(
−
f1
f3
)k
Xm , (4.4)
k∑
j=0
j∑
s=0
(
k
j
)(
j
s
)(
f1
f3
)j (
−
1
f1
)s
Xm−(c−b)k+(c−a)j+as =
(
−
f2
f3
)k
Xm (4.5)
and
k∑
j=0
j∑
s=0
(
k
j
)(
j
s
)(
f1
f2
)j (
−
1
f1
)s
Xm−(b−c)k+(b−a)j+as =
(
−
f3
f2
)k
Xm . (4.6)
Note that each of identities (4.1)– (4.6) can be written in the following respective equivalent
form:
k∑
j=0
k−j∑
s=0
(
k
j
)(
k − j
s
)(
f3
f1
)j (
f2
f1
)s
Xm−ak−(c−a)j−(b−a)s =
Xm
fk1
, (4.7)
k∑
j=0
k−j∑
s=0
(
k
j
)(
k − j
s
)(
f2
f1
)j (
f3
f1
)s
Xm−ak−(b−a)j−(c−a)s =
Xm
fk1
, (4.8)
k∑
j=0
k−j∑
s=0
(
k
j
)(
k − j
s
)(
f1
f2
)j (
f3
f2
)s
Xm−bk−(a−b)j−(c−b)s =
Xm
fk2
, (4.9)
k∑
j=0
k−j∑
s=0
(
k
j
)(
k − j
s
)
(−1)j+sf j3f
s
2Xm+ak−cj−bs = f
k
1Xm , (4.10)
k∑
j=0
k−j∑
s=0
(
k
j
)(
k − j
s
)
(−1)j+sf j3f
s
1Xm+bk−cj−as = f
k
2Xm (4.11)
and
k∑
j=0
k−j∑
s=0
(
k
j
)(
k − j
s
)
(−1)j+sf j2f
s
1Xm+ck−bj−as = f
k
3Xm . (4.12)
Theorem 3. The following identities hold for integers n, m, r and non-negative integer k:
k∑
j=0
k−j∑
s=0
(−1)n(j+s)
(
k
j
)(
k − j
s
)
F j+sn Gm−2nk+(n+1)j+(n−1)s = (−1)
nkGm , (4.13)
k∑
j=0
k−j∑
s=0
(−1)n(j+s)
(
k
j
)(
k − j
s
)
F j+sn Gm−2nk+(n−1)j+(n+1)s = (−1)
nkGm , (4.14)
k∑
j=0
k−j∑
s=0
(−1)nj
(
k
j
)(
k − j
s
)
Gm−(n+1)k−(n−1)j+2s
F jn
=
Gm
F kn
, n 6= 0 , (4.15)
5
k∑
j=0
j∑
s=0
(−1)s
(
k
j
)(
j
s
)
Gm+(n+1)k−2j+(n+1)s
F sn
= (−1)(n+1)k
Gm
F kn
, n 6= 0 , (4.16)
k∑
j=0
j∑
s=0
(−1)n(j+s)+s
(
k
j
)(
j
s
)
Gm+2k−(n+1)j+2ns
F jn
= (−1)kGm, n 6= 0 , (4.17)
and
k∑
j=0
j∑
s=0
(−1)n(j+s)+s
(
k
j
)(
j
s
)
Gm−2k−(n−1)j+2ns
F jn
= (−1)kGm, n 6= 0 . (4.18)
Proof. Write identity (1.3) as Gm = (−1)
nGm−2n+FnGm−n−1+FnGm−n+1, identify a = 2n,
b = n+1, c = n−1, f1 = (−1)
n, f2 = Fn = f3 and use these in Lemma 3 withXm = Gm.
Theorem 4. The following identities hold for integers n, m and r and non-negative inte-
ger k:
k∑
j=0
j∑
s=0
(−1)nj+s
(
k
j
)(
j
s
)
Gj−sn+rG
s
n
Gj0
Hm+rk+(n−r)j+rs =
(
Gr
G0
)k
Hm, G0 6= 0 , (4.19)
k∑
j=0
j∑
s=0
(−1)n(j+s)+s
(
k
j
)(
j
s
)
Gj−s0 G
s
n
Gjn+r
Hm+nk+(r−n)j+ns = (−1)
nk
(
Gr
Gn+r
)k
Hm, Gn+r 6= 0 ,
(4.20)
k∑
j=0
j∑
s=0
(−1)n(j+s)+j
(
k
j
)(
j
s
)
Gj−s0 G
s
n+r
Gjn
Hm+(n+r)k−nj+(n−r)s = (−1)
(n+1)k
(
Gr
Gn
)k
Hm, Gn 6= 0 ,
(4.21)
k∑
j=0
k−j∑
s=0
(−1)ns+j+s
(
k
j
)(
k − j
s
)
Gj0G
s
n+r
Gj+sr
Hm−(n+r)k+rj+ns = (−1)
(n+1)k
(
Gn
Gr
)k
Hm, Gr 6= 0 ,
(4.22)
k∑
j=0
k−j∑
s=0
(−1)ns+j
(
k
j
)(
k − j
s
)
Gj0G
s
n
Gj+sr
Hm−nk+rj+(n+r)s = (−1)
nk
(
Gn+r
Gr
)k
Hm, Gr 6= 0 ,
(4.23)
and
k∑
j=0
k−j∑
s=0
(−1)n(j+s)+j
(
k
j
)(
k − j
s
)
Gjn+rG
s
n
Gj+sr
Hm−rk+nj+(n+r)s =
(
G0
Gr
)k
Hm, Gr 6= 0 .
(4.24)
Proof. Write identity (1.4) as GrHm = −(−1)
nGnHm+n+r + (−1)
nGn+rHm+n + G0Hm+r,
identify a = −n− r, b = −n, c = −r, f1 = −(−1)
nGn/G, f2 = (−1)
nGn+r/Gr, f3 = G0/Gr
and use these in Lemma 3 with Xm = Hm.
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